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Abstract
We study Stickelberger elements associated to Zdp-extensions over global function fields of characteristic
p > 0 and show that they are in some sense generically irreducible in the Iwasawa algebras.
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1. Introduction
Stickelberger elements associated to abelian extensions over a global field k have been vastly
studied in the past years (see [Bur07] for details and references). Mostly, but not always, these
studies focus on some congruences modulo augmentation ideals. In this paper, we use known
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K.-L. Kueh et al. / Journal of Number Theory 128 (2008) 2776–2783 2777results in this aspect for the case where char.(k) = p > 0 to investigate the irreducible factors
of the Stickelberger element associated to a Zdp-extension k∞/k unramified outside a non-empty
finite set S of places of k. Our main result (see Theorem 1.1 below) can be used to give a new
proof of Iwasawa’s main theorem for function fields (see [KLT08]).
Let us first recall the definition of Stickelberger elements. Fix another finite set T of places
of k so that S ∩ T = ∅. Given a finite abelian extension K/k unramified outside S with Galois
group G, let [v] ∈ G be the Frobenius at v and q be the order of the constant field of k. Put
ΘK/k,S,T (u) =
∏
v /∈S
(
1 − [v]udegv)−1 ·
∏
v∈T
(
1 − [v](qu)degv). (1.1)
And let θK/k,S,T = ΘK/k,S,T (1). A theorem of Weil (see [Tat84, Chapter V]) shows that
ΘK/k,S,T (u) is a polynomial in u with coefficients in Z[G], in particular θK/k,S,T ∈ Z[G] and is
the same as the Stickelberger element θG defined in [Gro88].
If K ′ is an intermediate field of K/k with Gal(K/K ′) = H , then the Stickelberger elements
enjoy the functorial property that if pr : Z[G] → Z[G/H ] is the ring homomorphism induced
from the natural projection from G onto G/H , then
pr(θK/k,S,T ) = θK ′/k,S,T . (1.2)
Write Γ = Gal(k∞/k) and Γn = Γ/pnΓ = Gal(kn/k), where kn/k is the nth layer of
k∞/k. And let ΛΓ denote the complete group ring Zp[[Γ ]] (the Iwasawa algebra). To define
θk∞/k,S,T ∈ ΛΓ , we first embed Z[Γn] ↪→ Zp[Γn] and then define it as the projective limit over
n of θkn/k,S,T ∈ Zp[Γn].
Let σ1, . . . , σd be a Zp-basis of Γ viewed as a Zp-module. Put tj = σj − 1. Then ΛΓ =
Zp[[t1, . . . , td ]]. Therefore, the ring ΛΓ is a unique factorization domain [Bou72, Chapter 7,
Section 3.9, Proposition 8]. The rest of this paper is devoted to studying the factorization of
θk∞/k,S,T .
Let us first consider the case where d = 1 and ΛΓ = Zp[[t]]. Under this condition, a conjecture
of Gross (see [Gro88] or Section 2.1) says that θk∞/k,S,T is divisible by t r , where r = |S| − 1.
Since in this setting the conjecture of Gross is a theorem [Tan95], the element t r is really a
guaranteed factor of θk∞/k,S,T . It is interesting to see if there is no other factors.
Definition 1.1. Assume that k∞/k is a Zp-extension. The Stickelberger element θk∞,S,T is called
monomial with respect to S if we have θk∞,S,T =  · t r for some  ∈ Λ×Γ .
In Section 2.1, we will see that it is possible to choose the set S such that for every Zp-
extension k∞/k the Stickelberger element θk∞,S,T is not monomial. But if we are allowed to
enlarge the set S, then the situation could be different. The following theorem is our main result,
which will be proved in Section 2.4.
Call (L∞, S˜) an extension of (k∞, S), if S˜ is a finite set of places of k with S ⊂ S˜ and L∞/k
is a Zcp-extension (for some c) unramified outside S˜ with k∞ ⊂ L∞. Note that if we simply
denote HomZp (Γ,Zp) as Γ ∗, then Galois theory says that there is a natural bijection between
the projective space P(Γ ∗) and the set of all Zp-extensions over k contained in k∞. We endow
P(Γ ∗) with the profinite topology.
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outside a finite set S of places of k. There exists an extension (L∞, S˜) of (k∞, S) satisfying the
following:
(1) The cardinality of the set S˜ is greater than ν, S˜ ∩ T = ∅ and no place in S˜ splits completely
over k∞/k.
(2) The Stickelberger element θ
L∞/k,S˜,T is irreducible in ΛGal(L∞/k).
(3) There exists a non-empty open set U ⊂ P(Gal(L∞/k)∗) such that for each element in U the
corresponding Zp-extension is ramified at every place in S˜ and the associated Stickelberger
element is monomial with respect to S˜.
An extension (L∞, S˜) is called independent if it satisfies certain conditions (see Defini-
tion 2.1). To prove the theorem, we use the class field theory and the refined class number formula
of Gross to show that for a given (k∞, S) and a given μ there always exists an independent ex-
tension (L∞, S˜) with |S˜| > μ and that every independent extension satisfies the conditions (2),
(3) in Theorem 1.1.
The following lemma, which is a direct consequence of the definition, says that in some sense
independent extensions are generic among all extensions of a given (k∞, S). For a Zc
′
p -extension
L′∞/k, we will identify the set of all the intermediate Zd
′
p -extensions, d ′  c′, with the quotient
space HomZp (Gal(L′∞/k),Zc
′
p )/GL(Zc
′
p ). We also endow this space with the profinite topology.
Lemma 1.1. Suppose that (L′∞, S˜) is an extension of (L∞, S˜) which is an independent extension
of a given (k∞, S). Then (L′∞, S˜) is also an independent extension of (k∞, S). Furthermore, if
L′∞  L∞ and Gal(L′∞/k) 
 Zc′p , then there is an open set U ⊂ HomZp (Gal(L′∞/k),Zc′p )/
GL(Zc′p ) so that for each point K∞/k in U the pair (K∞, S˜) is an independent extension
of (k∞, S).
2. The refined class number formula of Gross
The group of divisors of k, denoted by Divk , is the free Z-module generated by all the places
of k (see [Tat84, Chapter V]). There is a group homomorphism k× → Divk such that an element
α ∈ k× is sent to the divisor ∑v ordv(α) · v, and the image of this homomorphism is denoted
as Pk . Let Div0k denotes the subgroup of Divk consisting of zero-degree divisors. The class group
of k is Clk := Div0k /Pk .
2.1. The modified class number and the refined regulator
Suppose K/k a finite extension unramified outside S. We set some notations as follow. First,
let OK,S denote the ring of S-integers of K and let ClK,S denote the ideal class group of the
ring OK,S . Then we use UK,S,T to denote the subgroup of O×K,S consisting of elements which
are congruent to 1 modulo T (K).
Define DivK,S,T as the group whose elements are of the form (I, (aw)w∈T (K)) where I is
an ideal of OK,S and aw is a local generator of I at w. And define ClK,S,T as the quotient of
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[Gro88]
1 −→ UK,S,T −→O×K,S −→
∏
w∈T (K)
F×w −→ ClK,S,T −→ ClK,S −→ 1. (2.1)
We call ClK,S,T the modified class group (with respect to (S, T )) and call its order the mod-
ified class number. In addition to this modified class number and the Stickelberger element, the
refined class number formula of Gross also involves a refined regulator [Gro88].
We now recall the refined regulator. Assume that K/k is a pro-p abelian extension with
G = Gal(K/k). If G is finite, IG (resp. IG,p), the augmentation ideal of Z[G] (resp. Zp[G]),
is defined as the kernel of the ring homomorphism onto Z (resp. Zp) sending
∑
g∈G ag · g to∑
g∈G ag . If G is pro-finite and n ∈ Z+, the nth power augmentation ideal InG (resp. InG,p) is
defined as the projective limit of the corresponding nth powers In
G¯
(resp. In
G¯,p
) where G¯ runs
through all finite quotients of G. For a place v ∈ S let
ψv,G : k
×
v −→ Gv ⊂ G (2.2)
be the local norm residue map. Write S = {v0, v1, . . . , vr} and r = rk = |S| − 1. We choose
a Z-basis u1, . . . , ur of Uk,S,T . Assume that the ordering of this basis is chosen such that the
number
det1i,jr
(
ordvi (uj ) · degk(vi)
)
is positive. Then the refined regulator of Gross is defined as the residue class modulo I r+1G of the
element
detK/k,S,T = det1i,jr
(
ψvi,G(uj ) − 1
) ∈ I rG ⊂ Z[[G]]. (2.3)
The following pro-p version of a conjecture of Gross [Gro88] was proved in [Tan95] (the case
where r = 1 was first proved in [Hay88]).
Theorem 2.1. If K/k is a pro-p abelian extension unramified outside S, then θK/k,S,T ∈ I rG,p
and θK/k,S,T ≡ |Clk,S,T | · detK/k,S,T (mod I r+1G,p ).
Lemma 2.1. Assume that k∞/k is a Zp-extension and no place in S splits completely in k∞/k.
If the order of Clk,S,T is prime to p and there exists a unit 2 ∈ Z×p such that
detk∞/k,S,T ≡ 2 · t r
(
mod
(
t r+1
))
,
then θk∞,S,T is monomial with respect to S.
Proof. Because the augmentation ideal IΓ,p is just the ideal generated by t , the lemma is a
consequence of Theorem 2.1. 
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Lemma 2.2. Let S˜ be a finite set of places of k satisfying the following conditions:
(1) The subgroup of Clk generated by the set of all the zero-degree divisors which are supported
on S˜ contains the p-Sylow subgroup Clk,p of the class group.
(2) The greatest common divisor of the degrees of the places in S˜ is one.
Then the modified class number |Cl
k,S˜,T
| is prime to p.
Proof. Let X
k,S˜
⊂ Div0k be the subgroup formed by divisors supported on S˜. Use Divk,S˜ to
denote the group of ideals of the ring O
S˜
. Then we have the exact sequence
0 −→ X
k,S˜
i−→ Div0k π−→ Divk,S˜ −→ 0 (2.4)
with π taking
∑
v av · v to
∑
v /∈S˜ av · v. The surjectivity of π is from the condition (2). Conse-
quently, we have the induced exact sequence
0 −→ X
k,S˜
i¯−→ Clk π−→ Clk,S˜ −→ 0, (2.5)
where X
k,S˜
is the subgroup of Clk formed by divisor classes obtained from Xk,S˜ . The condition
(1) says that i¯ is actually surjective on the p-part. Therefore Cl
k,S˜
has order prime to p and hence
so is Cl
k,S˜,T
(see (2.1)). 
Corollary 2.1. There are infinitely many finite sets S˜ of places of k with the following properties:
(1) the modified class number |Cl
k,S˜,T
| is prime to p,
(2) the intersection S˜ ∩ T = ∅,
(3) S˜  S and no place in S˜ splits completely over k∞/k.
Proof. Suppose the greatest common divisor of the degrees of the places in S is N . Let L/k
be the constant field extension of degree N . Choose a generator τ ∈ Gal(L/k). Tchebotarev’s
density theorem says that there is a place v of k outside S ∪ T such that the element τ equals
the Frobenius [v] ∈ Gal(L/k). We know from the class field theory that if Frq : x → xq is the
Frobenius substitution on the constant fields, then Frq generates Gal(L/k) and [v] = Frdeg(v)q .
Since Frdeg(v)q is also a generator of Gal(L/k), the degree of v must be relatively prime to N .
Therefore the greatest common divisor of the degrees of places in S′ := S ∪ {v} equals 1.
Consider the finite extension L′/k which is the composite of all the everywhere unramified
cyclic extensions of order p and choose a set of generators τ ′1, . . . , τ ′s ∈ Gal(L′/k). Again, Tcheb-
otarev’s density theorem says that there are places v′1, . . . , v′s outside S′ ∪ T such that each τ ′i
equals the Frobenius [v′i] ∈ Gal(L′/k). And we know from the class field theory that the Galois
group Gal(L′/k) is identified with (Divk /Pk) ⊗Z Z/pZ and the condition on τ ′1, . . . , τ ′s implies
that the divisor classes of v′1, . . . , v′s generate (Divk /Pk)⊗Z Z/pZ. Therefore, the divisor classes
of v′ , . . . , v′ generate the Zp-module (Divk /Pk) ⊗Z Zp . Take S˜ = S′ ∪ {v′ , . . . , v′ }. Then the1 s 1 s
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(1) and (2) of Lemma 2.2 are satisfied. Tchebotarev’s theorem also ensures us that the places
v, v′1, . . . , v′s can be chosen so that none of them splits completely over k∞/k. 
2.3. Local norm residue maps
Let S˜ ⊇ S be a finite set of places and let H be the Galois group of the maximal pro-p
abelian extension over k unramified outside S˜. It is known that [Kis93,Tan95] H is isomorphic,
as a topological group, to a countable infinite product of Zp . This is actually due to the following
simple lemma which can be viewed as the function-field version of the local Leopoldt conjecture.
Lemma 2.3. If at some place v a global element a ∈ k× equals bp for some b ∈ k×v , then b ∈ k×.
Proof. Since the field extension k(a
1
p )/k = k(a 1p ) ∩ kv/k is both purely inseparable and sepa-
rable. 
Suppose that K/k is a Zp-extension unramified outside S˜. Then choosing a topological gener-
ator of Gal(K/k) is the same as choosing an isomorphism Gal(K/k) 
 Zp . Thus the extension
K/k together with a topological generator of Gal(K/k) gives rise to a continuous homomor-
phism ϕ : H → Zp , and vice versa. In particular, taking S˜ = {v}, we see that there exists a
Zp-extension, associated to a ϕ(v) : H → Zp, which is ramified at v and unramified at other
places.
Lemma 2.4. There exists a Zp-extension over k, which is unramified outside S˜ but ramified at
every place in S˜.
Proof. The Zp-extension associated to
∑
v∈S˜ ϕ(v) satisfies the required condition. 
Let r˜ + 1 be the cardinality of S˜. Choose distinct places v1, . . . , vr˜ ∈ S˜. As in (2.2), for each
i let
ψvi,H : k
×
vi
−→ Hvi ⊂ H
be the local norm residue map. Let ϕi be the composite of the natural embedding Uk,S˜,T → k×vi
with ψvi,H. Since H is a Zp-module and ψv,i is continuous, we can extend linearly ϕi to a
homomorphism ϕi : U → H where U := Uk,S˜,T ⊗ Zp.
Lemma 2.5. Let W := U × U × · · · × U be the direct sum of r˜ copies of U . Then the homomor-
phism Ψ :W → H sending (w1, . . . ,wr˜ ) ∈W to
∑r˜
i=1 ϕi(wi) ∈ H is injective and the quotient
group H/Ψ (W) is torsion free.
Proof. We need to show that if w1, . . . ,wr˜ are elements in Uk,S˜,T with
∑r˜
i=1 ϕi(wi) divisible
by p in H, then every wi is divisible by p in Uk,S˜,T . Let x = (xv)v ∈ A×k be the idele such that
xv = wi if v = vi ; xv = 1 otherwise. If ∑r˜i=1 ϕi(wi) is divisible by p, then there are y ∈ A×k ,
α ∈ k× and z ∈∏
v /∈S˜O×v such that
x = α · yp · z. (2.6)
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(2.6) that α is divisible by p in k×v0 , and hence by Lemma 2.3 there is an element β ∈ k× such that
α = βp . The equality (2.6) implies that each wi is divisible by p in k×vi and hence also divisible
by p in U
k,S˜,T
. 
The following is a consequence of Lemma 2.5 and the fact that H is the direct product of
countable infinite many copies of Zp .
Corollary 2.2. Let S˜ be a set of places of k with r˜ + 1 elements. If K/k is any given abelian
extension unramified outside S˜ with Galois group isomorphic to Zd0p for some non-negative inte-
ger d0, then there exists a field extension L/K with the following properties:
(1) L/k is also an abelian extension unramified outside S˜ with Galois group isomorphic to Zcp
for some non-negative integer c.
(2) If u1, . . . , ur˜ is a Z-basis of Uk,S˜,T and ψvi,Gal(L/k) is the local norm residue map at vi , then
the subset {ψvj ,Gal(L/k)(ui) | 1 i, j  r˜} of Gal(L/k) is linearly independent over Zp and
it generates a direct summand of Gal(L/k).
2.4. Independent extensions
In this section, we prove Theorem 1.1.
Definition 2.1. Let (K,S) be a pair where K/k is a Zd0p -extension unramified outside S. A pair
(L, S˜) is said to be an independent extension of (K,S) if the following conditions hold:
(1) S˜ is a finite set of places of k, satisfying Corollary 2.1.
(2) The field extension L/k is a Zcp-extension which ramifies at every place in S˜ and satisfies
Corollary 2.2.
Proof of Theorem 1.1. It is sufficient to prove the following three lemmas:
Lemma 2.6. There exist independent extensions (L∞, S˜) of (k∞, S) with |S˜| arbitrarily large.
Proof. The existence of S˜ of arbitrarily large size follows from Corollary 2.1. Let K ′/k be a
Zp-extension unramified outside S˜ but ramified at every place of S˜ (see Lemma 2.4). Replace K
by the composite K ′K if necessary, and we can assume that K/k is ramified at every place of S˜.
Then the existence of L∞ is from Corollary 2.2. 
Lemma 2.7. If (L∞, S˜) is an independent extension of (k∞, S), then θL∞/k,S˜,T is irreducible in
ΛGal(L∞/k).
We first recall the notations in Corollary 2.2. For 1 i, j  r˜ , we set σi,j = ψvj ,Gal(L∞/k)(ui)
and ti,j = σi,j − 1. Corollary 2.2(2) says the set {σi,j }1i,jr˜ can be extended to a ba-
sis {σ1, . . . , σc} of Gal(L∞/k) over Zp . If ti = σi − 1, then the augmentation quotient
I r˜Gal(L∞/k),p/I
r˜+1
Gal(L∞/k),p can be identified with the Zp-module of r˜-degree homogeneous poly-
nomials in t1, . . . , tc. The refined regulator det ˜ determines a residue class in the aboveL∞/k,S,T
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mial det(ti,j )1i,jr˜ . It is well known (see [Van70]) that this polynomial is irreducible. Corol-
lary 2.1 says that the order of Cl
k,S˜,T
is prime to p, and then Theorem 2.1 says that the Taylor
expansion of θ
L∞,S˜,T ∈ Zp[[t1, . . . , tc]] begins with the irreducible polynomial |Clk,S˜,T | ·det(ti,j )
in Zp[t1, . . . , tc]. Suppose θL∞,S˜,T = θ1θ2 in Zp[[t1, . . . , tc]] and the Taylor expansions of θ1
and θ2 begin with the leading homogeneous polynomials ϑ1, ϑ2 ∈ Zp[t1, . . . , tc]. Then the prod-
uct ϑ1ϑ2 is irreducible in Zp[t1, . . . , tc]. Therefore one of them, say ϑ1 must be in the units group
Z×p of the polynomial ring Zp[t1, . . . , tc]. This implies that θ1, beginning with a unit in its Taylor
expansion, must be a unit in Zp[[t1, . . . , tc]]. This argument shows that θL∞,S˜,T is an irreducible
element in ΛGal(L∞/k).
Lemma 2.8. There exists a non-empty open set U ⊂ P(Gal(L∞/k)∗) such that for each ele-
ment in U the corresponding Zp-extension is ramified at every place in S˜ and the associated
Stickelberger element is monomial with respect to S˜.
Proof. The Zp-module Gal(L∞/k)∗ is isomorphic to Zcp . Every element in it is a continuous
map with respect to the pro-finite topologies on Gal(L∞/k) and Zp . Also, the pro-finite topology
on Zcp coincides with the compact-open topology on Gal(L∞/k)∗. Since the subset Z×p is open
in Zp , the subset O of the group Gal(L∞/k)∗ consisting of those ψ such that
detψ := det1i,j,r˜
(
ψ(σi,j )
) ∈ Z×p
is open in Gal(L∞/k)∗. Since {σij }1i,jr˜ is a subset of the basis {σ1, . . . , σc}, there is at least
one ψ such that ψ(σii) = 1, i = 1, . . . , r˜ , and ψ(σij ) = 0 for i = j . And for this ψ the determi-
nant detψ = 1. Therefore, the open set O = ∅.
At each place v ∈ S˜ let O(v) be the subset consisting of those ψ whose restriction to the inertia
subgroup at v is non-zero. Since this inertia subgroup is non-trivial, the set O(v) is a non-empty
open subset of HomZp (Gal(L∞/k),Zp).
If ψ ∈ U :=⋂
v∈S˜ O(v)∩O and k′∞ is the fixed field of the kernel of ψ , then k′∞/k is ramified
at each place in S˜ and θ
k′∞/k,S˜,T is monomial (Lemma 2.1). 
References
[Bur07] D. Burns, Congruences between derivatives of abelian L-functions at s = 0, Invent. Math. 169 (2007) 451–499.
[Bou72] N. Bourbaki, Commutative Algebra, Addison–Wesley, 1972.
[Gro88] B. Gross, On the values of abelian L-functions at s = 0, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 35 (1988)
177–197.
[Hay88] D. Hayes, The refined p-adic abelian Stark conjecture in function fields, Invent. Math. 94 (1988) 505–527.
[Kis93] H. Kisilevsky, Multiplicative independence in function fields, J. Number Theory 44 (1993) 352–355.
[KLT08] K.-L. Kueh, K.F. Lai, K.-S. Tan, Class groups for H × Zdp -extensions of function fields, manuscript, 2008.
[Tat84] J. Tate, Les Conjectures de Stark sur les Fonctions L d’Artin en s = 0, Birkhäuser, Boston, 1984.
[Tan95] K.-S. Tan, On the special values of abelian L-function, J. Math. Sci. Univ. Tokyo 1 (1995) 305–319.
[Van70] B.L. Van Der Waerden, Algebra, Frederick Unger, New York, 1970.
